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Within the frame of quantum dissipation theory, we develop a new hierarchical equations of
motion theory, combined with the small polaron transformation. We fully investigate the electron
transport of a single attractive impurity system with the strong electron-phonon coupling in charge-
Kondo regime. Numerical results demonstrate the following facts: (i) The density of states curve
shows that the attraction mechanism results in not only the charge-Kondo resonance (i.e. elastic
pair-transition resonance), but also the inelastic pair-transition resonances and inelastic cotunneling
resonances. These signals are separated discernibly in asymmetric levels about Fermi level; (ii) The
differential conductance spectrum shows the distinct peaks or wiggles and the abnormal split of
pair-transition peaks under the asymmetric bias; (iii) The improvement of bath-temperature can
enhance the phonon-emission (absorption)-assisted sequential tunneling and also strengthen the
signals of inelastic pair-transition under the asymmetric bias; (iv) The inelastic dynamics driven by
the ramp-up time-dependent voltage presents clear steps which can be tailored by the duration-time
and bath-temperature; (v) The linear-response spectrum obtained from the linear-response theory
in the Liouville space reveals the excitation signals of electrons’ dynamical transition. Briefly, the
physics caused by attraction mechanism stems from the double-occupancy or vacant-occupation of
impurity system.
PACS numbers: 72.10.-d, 72.10.Bg, 72.10.Di, 73.63.-b, 73.63.Kv
I. INTRODUCTION
In electron transport at nano-scale, Kondo peaks at the
Fermi levels of electrodes often appear at low tempera-
ture, as an interplay between strong Coulomb interaction
within magnetic impurity quantum dot (QD) system and
its coupling with itinerary electrons from electrodes.1,2
Most of the work has focused on steady-state current-
voltage characteristics in the strong e-e Coulomb repul-
sion regime.3–8 The resulting Fermi level’s resonance has
been well understood as the spin-Kondo effect.9 It in-
volves spin unpaired single-electron occupancy states of
magnetic impurity QD lying below the Fermi energy of
electrodes with the spin paired double-occupancy states
far above due to the repulsive Coulomb interaction (U >
0).10–13 However, the contest between electron-electron
(e-e) interaction and electron-phonon (e-ph) interaction
due to the vibration of impurity usually plays a crucial
role in electron transport at nano-scale, where current-
voltage characteristics are often accompanied by inelastic
Franck-Condon steps of phonon resonances. Especially,
effective Coulomb interaction could become attractive
(U < 0) when e-ph interaction prevails, which would
lead to the spin paired double-occupancy energy lying
below that of spin single-occupancy state.14–16 Then, the
charge-Kondo effect would take place instead of the spin-
Kondo one.17–21 Now the double-occupancy is favored so
that pair-transition distinguished to cotunneling becomes
another important co-operative way of transport. Simple
negative-U models, without an explicit inclusion of e-ph
coupling, or only considering e-ph coupling in zero-bias
limitation have been used to account for the underly-
ing non-equilibrium steady-state charge-Kondo transport
mechanism.17–21
In this work, we try to fully investigate inelastic
charge-Kondo transport covering finite bias and linear-
response region with negative-U considered using hier-
archical equations of motion (HEOM) method combined
with small polaron transformation developed in the for-
mer works22–27 within the frame of quantum dissipation
theory and on the basis of adiabatic approximation (the
approximation in second-order cumulant expansion). In
all the theoretical tools to deal with quantum trans-
port, HEOM based on small polaron transformation has
unique advantages such as clear structure, highly effi-
cient numerical achievement, non-perturbative and con-
veniently time-dependent handling. HEOM has the ad-
vantage in both numerical efficiency and applications
to various systems.23–36 Moreover, the initial system–
environment coupling that is not contained in the origi-
nal path integral formalism can now be accounted for via
proper initial conditions to HEOM.
This paper is organized as follows. In section II, we
introduce our model hamiltonian and describe the calcu-
lation method. In section III, firstly, the physical pro-
cesses induced by the negative-U model are summarized.
Then, the mechanism of elastic pair-transition is ana-
lyzed by elastic spectrum function of asymmetric levels
without considering e-ph coupling, further, the mecha-
nism of inelastic pair-transition and inelastic cotunnel-
ing are revealed by inelastic spectrum function of the
same system with e-ph coupling considered explicitly. On
the basis of the differential conductances under asymmet-
ric bias with considering the symmetric system-electrode
coupling and the asymmetric one, the effect of bath-
2temperature enhancement are analyzed. In section IV, in
conjunction with steady transport, the results and anal-
ysis are given for the inelastic dynamics and the inelastic
linear-response spectrums. Finally, we conclude in sec-
tion V. Appendix A builds the transformation from the
negative-U model to the positive-U model.
II. INELASTIC QUANTUM TRANSPORT: AN
IMPURITY MODEL AND METHOD
A. The model
Supposing a single impurity QD coupled with a phonon
bath is sandwiched by two electrodes, the e-ph coupling
is canceled by small polaron transformation,27 and the
total hamiltonian is transformed as follows:
HT = Hres +He +He−res +Hph,
Hres =
∑
α,s,k
(ǫα,s,k − eVα)cˆ
†
α,s,k cˆα,s,k,
He =
∑
s
εsaˆ
†
saˆs + Uaˆ
†
↑aˆ↑aˆ
†
↓aˆ↓,
He−res =
∑
α,s,k
tα,s,k cˆ
†
α,s,kaˆse
iϕˆ +H.c.,
Hph =
∑
q
ωq dˆ
†
q dˆq, (1)
where, ǫα,s,k is the k
th level of spin s of α-electrode in
equilibrium, Vα (VL = aV = a(VL−VR), 0 ≤ a ≤ 1) is the
electrical potential applied at α-electrode, εs = ε0s−λ is
the level renormalized from the level ε0s before transfor-
mation minusing reorganization energy λ, U = U0 − 2λ
denotes effective interaction between spin up electron and
spin down one renormalized from the interaction U0 be-
fore transformation by plusing −2λ, tα,s,k describes the
coupling between α-electrode and quantum dot, ϕˆ is a
hermite phonon operator, which comes from small po-
laron transformation.27 Not losing the generality, in the
calculations we adopt Einstein lattice model, in which all
the vibration modes are assumed to have the same fre-
quency Ω. We make an appointment that the left elec-
trode is the same as the right one so that ǫL,s,k = ǫR,s,k,
and ǫα,s,k = −ǫα,s,−k, tα,s,k = t
∗
α,s,−k, after that, k = 0
denotes fermi level of electrode due to the symmetry be-
tween electron and hole. The appointment is favorable
to particle-hole/left-right transformation in Appendix A.
When considering inelastic transport, the density of
states (DOS) describes all the equivalent conducting
channels, i.e. the main peaks εs, εs + U , and the
phonon sidebands around the main peaks, which are di-
vided by phonon frequency Ω.7,8,37,38 The micro-process
reflects the transition between the four enlarged Fock
states: |0,m0〉 = |0〉 ⊗ |m0〉, | ↑,ms〉 = | ↑〉 ⊗ |ms〉,
| ↓,m′s〉 = | ↓〉 ⊗ |m
′
s〉 and | ↑↓,md〉 = | ↑↓〉 ⊗ |md〉,
where |m0〉, |ms〉, |m
′
s〉 and |md〉 are the phonon states,
while, |0〉 denotes vacant-occupancy state, | ↑ (↓)〉 de-
notes single-occupancy state and | ↑↓〉 denotes double-
occupancy state. When U > 0, Γαs > Tα, εs < Ef
and εs + U > Ef (where, Ef denotes the Fermi level in
equilibrium), the above hamiltonian can describe spin-
Kondo effect, in which Kondo peak locates at ω = Ef .
When U < 0, Γαs > Tα, εs > Ef and εs + U < Ef , the
above hamiltonian can also describe charge-Kondo effect,
in which Kondo peak locates at ω = ε↑ + ε↓ + U .
B. Comments on the methodology
1. Construction of HEOM
The dynamics quantities in the HEOM formalism of
inelastic quantum transport are a set of well-defined
auxiliary density operators (ADOs). The reduced den-
sity operator after small polaron transformation is set
to be the zeroth-tier ADO of the hierarchy, i.e., ρ′(t) ≡
trenv[Xˆρtot(t)Xˆ
†] ≡ ρ′0(t) (where, Xˆ is the unitary op-
erator for implementing small polaron transformation27)
and it is coupled to a set of first-tier ADOs {ρ
′(1)
j } by
differential equation. The index j ≡ {mσαsk} with
m¯ = −m and σ¯ = −σ specifies the decomposed memory-
frequency components of environment correlation func-
tions, where m denotes the number of phonons emitted
or absorbed, σ denotes + or −, α denotes the specified
electrode, s denotes the degree of spin and k denotes the
pole coming from spectrum decomposition.
We summarize the final HEOM formalism as follows.
We denote an nth-tier ADO as22,26
ρ
′(n)
j ≡ ρ
′(n)
j1···jn
; ∀ jr ∈ {j}, j ≡ {mσαsk}. (2)
Its associated (n ± 1)th-tier ADOs are
{
ρ
′(n+1)
jj ≡
ρ
′(n+1)
j1···jnj
}
and
{
ρ
′(n−1)
jr
≡ ρ
′(n−1)
j1···jr−1jr+1···jn
}
, respectively.
We have
ρ˙
′(n)
j =−
[
iL+ γ
(n)
j (t)
]
ρ
′(n)
j − i
n∑
r=1
(−)n−r Cjr ρ
′(n−1)
jr
− i
∑′
j;σ,s∈j
Aσ¯s ρ
′(n+1)
jj , (3)
with γ(0) = ρ′(−1) = 0 for the zero-tier ADO or the re-
duced density operator ρ = ρ′(0). The last sum runs only
over those j 6= jr; r = 1, · · ·, n. In Eq. (3), γ
(n)
j (t) collects
all involving exponents,
γ
(n)
j (t) =
n∑
r=1
[
γk + imΩ− σi∆α(t)
]
m,σ,α,s,k∈jr
, (4)
Aσs and Cj are the fermionic superoperators, defined via
their actions on a fermionic/bosonic operator Oˆ as
Aσs Oˆ = [aˆ
σ
s , Oˆ]∓ , (5)
CjOˆ = (Amη
σ
k ) aˆ
σ
s Oˆ ± (Am¯η
σ¯
k )
∗Oˆaˆσνs . (6)
In particular, ρ
′(n−1)
jr
and ρ
′(n+1)
jj in Eq. (3) are both
fermionic or bosonic, when n is even or odd, respectively.
3Using zeroth-tier ADO ρ′0(t) and first-tier ADOs ρ
′
j(t),
electron number and current can be described as follows:
Ns(t) = tr[a
†
sasρ
′
0(t)],
Iαs(t) = −2e Im
{
tr[aˆsρ
′+
αs(t)]
}
= −2e
∑
m,k
Im
{
tr[aˆsρ
′+
mαsk(t)]}.
(7)
and when, ρ˙
′(n)
j = 0, the ADOs of steady state can be
got as an initial condition, the subsequent calculations of
transient physical quantities are very readily to be im-
plemented. Different physical processes can be distin-
guished by different HEOM tier-truncation. For exam-
ple, HEOM 1st-tier truncation only describes sequential
tunneling, HEOM 2nd-tier truncation includes cotunnel-
ing process and HEOM higher-tier truncation includes
higher-order cotunneling process. Numerical calculations
have demonstrated24 that when Γαs ≪ Tα, 1st-tier trun-
cation of HEOM can supply quantitatively description
for the elastic transport process (Γαs denotes the cou-
pling between system and α-electrode, Tα denotes the
temperature of α-electrode), when Tα < Γαs < 5Tα,
quantitatively descriptions require 2nd-tier truncation of
HEOM and when Γαs > 5Tα, at least 3rd-tier truncation
can achieve quantitatively description. For the inelastic
transport process studied in our job, despite Γαs = 20Tα,
HEOM 2nd-tier truncation based on the Einstein lat-
tice model can still supply at least qualitative descrip-
tion to inelastic quantum transport because e-ph cou-
pling strength is stronger than electrode-system one.
2. Linear response theory based on HEOM
To highlight the linearity of HEOM, we arrange the
involving ADOs in a column vector, denoted symbolically
as
ρ
′(t) ≡
{
ρ′(t), ρ
′(1)
j (t), ρ
′(2)
j1j2
(t), · · ·
}
. (8)
Thus, Eq. (3) can be recast in a matrix-vector form (each
element of the vector in Eq. (8) is a matrix) as follows,
ρ˙′ = −iL(t)ρ′, (9)
with the time-dependent hierarchical-space Liouvillian,
as inferred from Eqs. (3)–(6), being of
L(t) = Ls + δL(t)I + δV(t) . (10)
It consists not just the time-independent Ls part, but
also two time-dependent parts and each of them will
be treated as perturbation at the linear response level
soon.39 Specifically, δL(t)I , with I denoting the unit
operator in the hierarchical Liouville space, is attributed
to a time-dependent external field acting on the reduced
system, while δV(t) is diagonal and due to the time-
dependent potentials δ∆α(t) applied to electrodes.
We may denote δ∆α(t) = xαδ∆(t), with 0 ≤ xL ≡
1 + xR ≤ 1; thus δ∆(t) = δ∆L(t) − δ∆R(t). It specifies
the additional time-dependent bias voltage, on top of the
constant V = µL−µR, applied across the two reservoirs.
As inferred from Eq. (4), we have then
δV(t) = −S δ∆(t), (11)
where S ≡ diag
{
0, S
(n)
j1···jn
;n = 1, · · · , L
}
, with
S
(n)
j1···jn
≡
n∑
r=1
(
σxα
)
σ,α∈jr
. (12)
Note that S(0) = 0.
The additivity of Eq. (10) and the linearity of HEOM
lead readily to the interaction picture of the HEOM dy-
namics in response to the time-dependent external distur-
bance δL(t) = δL(t)I + δV(t). The initial unperturbed
ADOs vector assumes the nonequilibrium steady-state
form of
ρ
′st(T, V ) ≡
{
ρ¯′, ρ¯
′(1)
j , ρ¯
′(2)
j1j2
, · · ·
}
, (13)
under given temperature T and constant bias voltage V .
It is obtained as the solutions to the linear equations,
Lsρ
′st(T, V ) = 0, subject to the normalization condition
for the reduced density matrix.22,23,26 The unperturbed
HEOM propagator reads Gs(t) ≡ exp(−iLst). Based
on the first-order perturbation theory, δρ′(t) ≡ ρ′(t) −
ρ
′st(T, V ) is then
δρ′(t) = −i
∫ t
0
dτ Gs(t− τ)δL(τ)ρ
′st(T, V ). (14)
The response magnitude of a local system observ-
able Aˆ is evaluated by the variation in its expec-
tation value, δA(t) = Tr{Aˆδρ′(t)}. Apparently,
this involves the zeroth-tier ADO δρ(t) in δρ′(t) ≡{
δρ′(t), δρ
′(n)
j1···jn
(t);n = 1, · · · , L
}
. In contrast, the re-
sponse current under applied voltages cannot be ex-
tracted from δρ′(t), because the current operator is not a
local system observable. Instead, as inferred from Eq. (7),
while the steady-state current I¯α through α-reservoir is
related to the steady-state first-tier ADOs, ρ¯
′(1)
j ≡ ρ¯
′σ
mαµk,
the response time-dependent current, δIα(t) = Iα(t)− I¯α,
is obtained via δρ
′(1)
j (t) = δρ
′σ
mαµk(t).
The above two situations will be treated respectively,
by considering δL(t) = δL(t)I such as charge-gate lin-
ear response and δL(t) = δV(t) such as charge-bias or
current-bias linear response.
3. Correlation functions of system
The DOS As(ω) is a strong tool to analyze the trans-
port behavior, which involves the calculations of two
correlation functions of system such as CAB(t − τ) =
〈Aˆ(t)Bˆ(τ)〉st.
We now focus on the evaluation of local system cor-
relation/response functions with the HEOM approach.
This is based on the equivalence between the HEOM-
space linear response theory of Eq. (14) and that of the
full system-plus-bath composite space.
4We start with the evaluation of nonequilibrium steady-
state correlation function CAB(t) = 〈Aˆ(t)Bˆ(0)〉st, as fol-
lows. For e-ph coupling system, by small polaron trans-
formation, the system correlation function can be recast
into the form of
CAB(t) = Trtotal
{
Aˆ(t)Bˆρsttotal(Tres, Tph, V )
}
= Trtotal
{
[XˆAˆ(t)Xˆ†][XˆBˆXˆ†][Xˆρsttotal(Tres, Tph, V )Xˆ
†]
}
= Trtotal
{
Aˆ′(t)Bˆ′ρ′sttotal(Tres, Tph, V )
}
,
(15)
where, Aˆ′(t) = eiHTt(XˆAˆXˆ†)e−iHTt, and HT = Hres +
He + He−res + Hph. Both Aˆ and Bˆ can be factorized
as the product of electron-operator and phonon-operator
after small polaron transformation.
Considering slow phonon-bath and fast electron, adia-
batic approximation leads to the factorization of CAB
40as
follows:
CAB(t)
≈ Trtotal
{
Aˆ(t)Bˆρ′sttotal(Tres, Tph, V )
}
× Trtotal
{
einϕˆ(t)eimϕˆρ′sttotal(Tres, Tph, V )
}
, (16)
where, n(m) is integer, which relates to the number of
creation and annihilation operations in Aˆ or Bˆ.
Generally, due to eiϕˆ operator included in He−res,
[Hph, HT] 6= 0. However, specifically, for the strong reor-
ganization energy λ, eiϕˆ can be replaced by its ensemble
average 〈eiϕˆ〉ph, which leads to [Hph, HT] = 0.
7 Then,
CAB(t)
≈ Trtotal
{
Aˆ(t)Bˆρ′sttotal(Tres, Tph, V )
}
× Trph
{
ein
ˆ˜ϕ(t)eimϕˆρeqph(Tph)
}
= CeABC
ph
AB , (17)
where, ˆ˜ϕ(t) = eiHphtϕˆe−iHpht.
CeAB(t) = Trtotal
{
AˆGtotal(t)[Bρ
′st
total(Tres, Tph, V )]
}
≡ Trtotal
{
Aˆρ˜total(t)
}
= Trtotal
{
Aˆρ˜(t)
}
. (18)
The ρ′sttotal(Tres, Tph, V ) and Gtotal(t) in C
e
AB are the
steady-state electron density operator and the prop-
agator respectively, in the total system-bath com-
posite space under constant bias voltage V . De-
fine in the last two identities of Eq. (15) are also
ρ˜total(t) ≡ Gtotal(t)ρ˜total(0) and ρ˜(t) ≡ trbathρ˜total(t),
with ρ˜total(0) = Bˆρ
′st
total(Tres, Tph, V ). C
e
AB can be con-
sidered in terms of the linear response theory, in which
the perturbation Liouvillian induced by an external field
δǫ(t) assumes the form of −iδL(t)(·) = Bˆ(·)δǫ(t), fol-
lowed by the observation on the local system dynamical
variable Aˆ. Both Aˆ and Bˆ can be non-Hermitian. More-
over, δL(t) is treated formally as a perturbation and can
be a one-side action rather than having a commutator
form.
For the evaluation of CeAB(t) with the HEOM-space
dynamics, the corresponding perturbation Liouvillian is
δL(t) = δL(t)I, with the above defined δL(t). It leads to
−iδL(τ)ρ′st(Tres, Tph, V ) = Bˆρ
′st(Tres, Tph, V )δǫ(τ) in-
volved in Eq. (14). The linear response theory that leads
to the last identity of Eq. (15) is now of the ρ˜(t) being
just the zeroth-tier component of
ρ˜(t) ≡
{
ρ˜(t), ρ˜
(1)
j (t), ρ˜
(2)
j1j2
(t), · · ·
}
= Gs(t)ρ˜(0), (19)
with the initial value of [cf. Eq. (13)]
ρ˜(0) = Bˆρ′st(T, V ) =
{
Bˆρ¯′, Bˆρ¯
′(1)
j , Bˆρ¯
′(2)
j1j2
, · · ·
}
. (20)
CphAB can be tackled very readily because it satisfy the
Gaussian statistics and Wick’s theorem for thermody-
namic average.
Considering the resolve of correlation function of single
impurity As(ω) as follows:
As(ω) ≡
1
π
Re[
∫ ∞
0
dt〈|{aˆs(t), aˆ
†
s}|〉e
iωt],
=
1
π
Re[
∫ ∞
0
dt(〈|aˆs(t)aˆ
†
s|〉+ 〈|aˆ
†
s(t)aˆs|〉
∗)eiωt],
(21)
which can be transformed to the calculations of
two correlation functions 〈|aˆs(t)aˆ
†
s|〉 and 〈|aˆ
†
s(t)aˆs|〉.
The CphAB is just phonon correlation function
Cph(t) =
∑+∞
m=−∞Ame
−imΩt with Einstein lattice
model considered.27
III. STEADY INELASTIC TRANSPORT
Inelastic transport through attractive impurity in
charge-Kondo regime presents several novel characteris-
tics as follows:
(i) The double-occupancy P↑↓ or vacant-occupancy P0
of QD dominates the transport process. In equilibrium,
when ε↑ + ε↓ + U < 0, P↑↓ > P0, when ε↑ + ε↓ + U > 0,
P↑↓ < P0, and when ε↑ + ε↓ + U = 0, P↑↓ = P0 for
degenerate levels.
(ii) Charge-Kondo peak i.e. elastic pair-transition peak
is robust for Zeeman split of QD level (see Appendix A)
i.e. it does not split under magnetic field. Inelastic co-
tunneling and pair-transition sidebands appear. The co-
tunneling peaks and the pair-transition peaks suffer the
reverse split under asymmetric bias (see Fig. 3).
(iii) For symmetric bias (including zero bias) and sym-
metric system-electrode coupling, inelastic charge-Kondo
electron transport equivalents the inelastic electron-hole
with positive-U repulsion transport of charge-battery,
while for asymmetric system-electrode one, it equivalents
that of anti-parrel polarization for the left and right fer-
romagnetic electrodes (see Appendix A).
(iv) For asymmetric bias and symmetric system-electrode
coupling, inelastic charge-Kondo electron transport
equivalents the inelastic electron-hole with positive-U
repulsion transport of spin-cell, while for asymmetric
system-electrode one, it equivalents that of anti-parrel
polarization for the ferromagnetic electrodes of spin-cell
(see Appendix A).
5Considering the symmetry between electron and hole,
we only investigate the case of ε↑ + ε↓ + U < 0 in this
paper and the case of ε↑ + ε↓ + U > 0 can be ana-
lyzed similarly. According to AppendixA, the physi-
cal processes both in equilibrium and non-equilibrium of
charge-Kondo model can be obtained by mapping it to
spin-Kondo one via particle-hole/left-right transforma-
tion, which are presented clearly in Fig. 1 (a)-(j). Only
elastic pair-transition and inelastic cotunneling processes
are shown and the inelastic pair-transition processes can
be achieved only by phonon-emission on the basis of elas-
tic pair-transition. These processes can be explained by
the following spectrum function of impurity.
A. The elastic spectrum function of impurity
The physical mechanism of charge-Kondo effect can be
illustrated clearly by only the simple negative-U model
without considering e-ph coupling explicitly. For the
negative-U Anderson impurity QD system, εs = 0.9Ω,
U = −2Ω, ΓL = ΓL,s = ΓR,s = ΓR = 0.2Ω, WL =WL,s =
WR,s = WR = 30Ω and TL = TR = Tph = 0.01Ω, where
Ω is phonon energy, WL (WR) is bandwidth of the left
(right) electrode and Tres and Tph are temperatures of the
electron bath and the phonon bath respectively. In equi-
librium, µL = µR = Ef = 0, where, µL(R) is the chemical
potential of the left or the right electrode. Fig. 2 (a), (c)
and (e) show the DOS As(ω) of spin up (spin down) both
in equilibrium and in non-equilibrium, while Fig. 2 (b),
(d) and (f) show the corresponding As(ω) of positive-U
model by particle-hole/left-right transformation.
(i) Fig. 2 (a) shows that there are three peaks locating
at ω = −1.1Ω, ω = −0.2Ω and ω = 0.9Ω and one wig-
gle locating around ω = 0, in which the peaks locat-
ing at ω = 0.9Ω and ω = −1.1Ω represent the reso-
nant levels εs = 0.9Ω and εs + U = −1.1Ω. However,
the charge-Kondo peak locating at ω = −0.2Ω violates
the traditional impression to spin-Kondo one. But, this
can be illustrated using particle-hole/left-right transfor-
mation, by which, the negative-U model is converted
to positive-U one with Zeeman-split (ε↑ = −1.1Ω and
ε↓ = −0.9Ω) shown in Fig. 2 (b). With Zeeman-split,
spin-Kondo peak also splits to double peaks locating at
ω = −|ε↑ − ε↓| for spin-up and ω = |ε↑ − ε↓| for spin-
down, and the wiggle around ω = 0 also appears. In
spin-Kondo model, spin-flip cotunneling process domi-
nates the transport which is reflected that the peak lo-
cates at ω = −0.2Ω (ω = 0.2Ω) for spin-up (spin-down)
and the wiggle locates around ω = 0 for spin-down (spin-
up). Considering A↑(ω) = A˜↑(ω) and A↓(ω) = A˜↓(−ω)
(A↑(↓)(ω) is the DOS of negative-U model and A˜↑(↓)(ω)
is the DOS of positive-U model), the corresponding pair-
transition process achieves, in which spin-down (spin-up)
electron on the Fermi level combined with spin-up (spin-
down) electron locating at ω = −0.2Ω of the left elec-
trode can transit into the QD of vacant-occupancy (refer
to Fig. 1 (a)), or the QD of double-occupancy with the
total energy ω = −0.2Ω transit into the Fermi level and
the state with ω = −0.2Ω of the right electrode, so the
charge-Kondo peak locating at ω = −0.2Ω and the wig-
FIG. 1: The physical processes of charge-Kondo model, (a)
elastic pair-transition process of charge-Kondo model in equi-
librium, (b), (c) and (d) elastic pair-transition processes of
charge-Kondo model under symmetric bias, (e), (f), (g) and
(h) elastic pair-transition processes of charge-Kondo model
under positive or negative asymmetric bias, (i) inelastic co-
tunneling process of charge-Kondo model under symmetric
bias, and (j) inelastic cotunneling process of charge-Kondo
model under asymmetric bias. The big arrow means the
double-occupancy induces the total energy decreasing.
gle locating around ω = 0 appear in Fig. 2 (a). But due
to Pauli exclusion principle, double-occupancy transition
can not happen really in equilibrium.
(ii) Fig. 2 (c) shows that when symmetric bias ∆L =
−∆R = 0.1Ω is applied, the charge-Kondo peak and the
wiggle locating at ω = 0 split so that two peaks locate
at ω = −0.3Ω and ω = −0.1Ω with the wiggle locat-
6ing around ω = 0.1Ω. The positive-U model also shows
all the peaks and the wiggle split with ∆ω = ±0.1Ω in
Fig. 2 (d). The signal of spin up locating at ω = −0.1Ω
(ω = −0.3Ω or ω = 0.1Ω) combining the signal of spin
down locating at ω = 0.1Ω (ω = −0.1Ω or ω = 0.3Ω) rep-
resents a spin-flip cotunneling process under symmetric
bias. The corresponding electron-pairs in the left elec-
trode with the reverse spin (−0.1Ω ↑, −0.1Ω ↓) and
(−0.3Ω ↑ (↓), 0.1Ω ↓ (↑)) transit into the QD of vacant-
occupancy (refer to Fig. 1 (b) and (c)), or the double-
occupancy electron-pairs in QD transit into vacant states
with the same energy ǫkR↑ = ǫkR↓ = −0.1Ω (refer to
Fig. 1 (d)), which can happen really in non-equilibrium.
(iii) Fig. 2 (e) shows that when positive asymmetric bias
∆L = 0.2Ω is applied, the charge-Kondo peak splits to
double peaks locating at ω = −0.2Ω and ω = −0.4Ω,
while the wiggle also splits to double wiggles locating at
ω = 0 and ω = 0.2Ω. Fig. 2 (f) shows the spin-flip co-
tunneling process of positive-U QD sandwiched by spin-
cells. Considering Pauli exclusion principle, it can be
mapped into electron-pairs in the left electrode with the
reverse spin (−0.4Ω ↑ (↓), 0.2Ω ↓ (↑)) and (−0.2Ω ↑ (↓),
0 ↓ (↑)) transiting into the QD of vacant-occupancy (re-
fer to Fig. 1 (e) and (f)). When negative asymmetric bias
∆L = −0.2Ω is applied, the charge-Kondo peak splits
to double peaks locating at ω = −0.2Ω and ω = 0,
while the wiggle also splits to double wiggles locating
at ω = 0 and ω = −0.2Ω, so because of superposition
effect, only two peaks locate at ω = −0.2Ω and ω = 0
respectively, at the same time, the collapsing main peak
locating at ω = 0.9Ω resumes. Mapping the spin-flip
process in positive-U model to pair-transition process in
negative-U model, electron-pairs in the right electrode
with the reverse spin (−0.2Ω ↑ (↓), 0 ↓ (↑)) transiting
into the QD of vacant-occupancy (refer to Fig. 1 (g)),
or the double-occupancy electron-pair in QD will tran-
sit into the vacant-occupancy states with the different
energy ǫkL↑(↓) = −0.2Ω and ǫkL↓(↑) = 0 (refer to Fig. 1
(h)).
In summary, the DOS presented above does not show
the phonon-sidebands because e-ph coupling is not in-
cluded in hamiltonian, so all the physical processes keep
energy conservation. Once considering e-ph coupling, in-
elastic processes will go into the transport picture and
the corresponding DOS is presented in the next section.
B. The inelastic spectrum function of impurity
Strong e-ph coupling will weaken charge-Kondo peak
greatly. For the same system, when e-ph coupling is
absorbed to hamiltonian, inelastic spectrum functions
As(ω) are presented in Fig. 3 (a)-(f).
(i) Fig. 3 (a) and the inset show DOS in equilibrium
has three series of signals: the first includes the sig-
nals of sequential tunneling locating at ω = εs + mΩ
and ω = εs + U − mΩ (m = 0, 1, 2, · · · ), the second
includes the signals of inelastic cotunneling locating at
ω = mΩ (m = ±1,±2, · · · ), the third includes the signals
of pair-transition locating at ω = 0 and ω = −0.2Ω+mΩ
(m = 0,±1,±2, · · · ). Fig. 3 (b) and the inset show that
when bath-temperature is raised to Tph = 0.35Ω, two
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FIG. 2: The DOS As(ω) of spin up (spin down) (in unit
of 1
Ω
), as function of ω (in unit of Ω), for the negative-U
Anderson impurity QD system without including e-ph cou-
pling, εs = 0.9Ω, U = −2Ω, (after particle/hole-left/right
transformation, ε↑ = −1.1Ω, ε↑ = −0.9Ω and U = 2Ω),
and T = Tres = Tph = 0.01Ω: (a) ∆L = ∆R = 0
and negative-U model, (b) ∆L = ∆R = 0 and positive-U
model, (c) ∆L = −∆R = 0.1Ω and negative-U model, (d)
∆L = −∆R = 0.1Ω and positive-U charge-battery model, (e)
∆L = ±0.2Ω − ∆R = ±0.2Ω and negative-U model, and (f)
∆L = ±0.2Ω −∆R = ±0.2Ω and positive-U spin-cell model.
Other parameters are ΓL = ΓR = 0.2Ω, WL =WR = 30Ω.
additional peaks appear with one locating around ω =
−0.25Ω and the other locating around ω = 0.05Ω. Noting
that the peak locating around ω = −0.25Ω represents the
peak of phonon-absorption and the peak locating around
ω = 0.05Ω represents the peak of phonon-emission. The
elastic pair-transition signals are smoothed.
(ii) Fig. 3 (c) and the inset show under symmetric bias,
the signals of pair-transition and that of inelastic co-
tunneling split with δω = ±µL. Inelastic cotunneling
denotes the double-side unidirectional pair-transition by
one-phonon-emission or multiple-phonon-emission with
spin conservation (refer to Fig. 1 (i)). Under the non-
equilibrium condition, the wiggle locating at ω = 0.1Ω
coming from the split of the wiggle locating at ω = 0
disappears, but it will appear again distinctly with the
bath-temperature raised. Fig. 3 (d) and the inset show
that under the symmetric bias, the two signals induced by
bath-temperature enhancement don’t split because they
represent sequential tunneling. Another two peaks locat-
ing at ω = −0.3Ω and ω = 0.1Ω come from the split of
charge-Kondo peak and the wiggle around ω = 0, which
are covered by the peaks due to hot phonon effect in
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FIG. 3: The DOS As(ω) of spin up (spin down) (in unit of
1
Ω
), as function of ω (in unit of Ω), for the phonon-coupled
Anderson impurity QD system, with εs = 0.9Ω, U = −2Ω,
Tres = 0.01Ω: (a) Tph = 0.01Ω and ∆L = ∆R = 0, (b)
Tph = 0.35Ω and ∆L = ∆R = 0, (c) Tph = 0.01Ω and ∆L =
−∆R = 0.1Ω, (d) Tph = 0.35Ω and ∆L = −∆R = 0.1Ω. (e)
Tph = 0.01Ω and ∆L = ±0.2Ω −∆R = ±0.2Ω, and (f) Tph =
0.35Ω and ∆L = ±0.2Ω − ∆R = ±0.2Ω. Other parameters
are the same as those adopted in Fig. 2. The insets magnify
the DOS around ω = 0.
equilibrium.
(iii) Fig. 3 (e) and the inset show under asymmetric
bias, the signals locating at ω = −0.2Ω + mΩ (m =
0,±1,±2, · · · ) split with one peak locating at the origi-
nal place and the other shifts with δω = −µL, while the
signals locating at ω = mΩ (m = 0,±1,±2, · · · ) split
with one peak fixed and the other shifts with δω = µL.
In comparison with the signals of inelastic cotunneling,
the pair-transition signals have the opposite shift be-
cause it contributes to keeping pair-transition both for
elastic scattering and for inelastic scattering, the sig-
nals of inelastic cotunneling respond to ∆L also helps to
achieve cotunneling by phonon-emission (refer to Fig. 1
(j)). Fig. 3 (f) and the inset show that under the asym-
metric bias, the two peaks induced by bath-temperature
enhancement also keeps no splitting except the splitting
of pair-transition peaks and cotunneling peaks.
C. The differential-conductance spectrum under
asymmetric bias
In conjunction with DOS, differential-conductance
dI/dV spectrum discovers the inelastic signals by peaks
or steps explicitly and particle-number N -V curve helps
to reveal the generation and decomposition of small po-
laron under bias clearly. For charge-Kondo transport,
the existing works focus on symmetric bias,17–21 and un-
der symmetric bias, sequential tunneling dominates the
transport process. In order to investigate the transport
beyond sequential tunneling, we focus on asymmetric
bias. Fig. 4 (a)-(d) present dI/dV and N -V under asym-
metric bias for the different bath-temperature. For the
single-side bias, we consider both the case of symmetric
system-electrode coupling (ΓL = ΓR = 0.2Ω) and that of
asymmetric system-electrode one (ΓL = 4ΓR = 0.2Ω).
Fig. 4 (a) shows the dI/dV spectrum with Tph = Tres =
0.01Ω under asymmetric bias. With asymmetric bias
applied, asymmetric levels induces the asymmetry of
current-bias: IL(∆L > 0) < −IL(−∆L). dI/dV spec-
trum shows that besides the inelastic cotunneling sig-
nals locating around ∆L = ±mΩ, (m = 1, 2, 3, · · · ),
there are still four peaks named A, B, C and D lo-
cating around ∆L = −0.6Ω, ∆L = −0.1Ω, ∆L = 0.4Ω
and ∆L = 0.8Ω respectively. The peak A as an inelas-
tic pair-transition signal reflects the process of double-
occupancy electron-pair in QD transiting into the vacant
levels with the energy ǫLk↑ = ǫLk↓ = −0.6Ω by emit-
ting a phonon. The peak B as an elastic pair-transition
signal reflects the process of double-occupancy electron-
pair in QD transiting into the vacant levels with the
energy ǫLk↑ = ǫLk↓ = −0.1Ω, keeping energy conserva-
tion. The peak C reflects the process of the electrons
achieving inelastic pair-transition from the occupied lev-
els with the energy ǫLk↑ = ǫLk↓ = 0.4Ω to unoccupied
QD by one-phonon–emission. As another type of in-
elastic pair-transition, the peak D reflects the process
of the electron-pair with the energy ǫLk↑(↓) = 0.8Ω and
ǫLk↓(↑) = 0 transiting into vacant-occupancy QD by one-
phonon–emission. With the reverse bias increasing, the
asymmetric coupling also makes the subsequent negative
differential conductance when −0.3Ω < ∆L < −0.1Ω,
which corresponds to the slower decreasing of electron
number after elastic pair-transition than that with the
symmetric coupling. Fig. 4 (b) shows the corresponding
N -V curves, which presents the sharper trend, compared
to symmetric bias. With the positive bias increasing,
bipolaron forms rapidly and with the reverse bias increas-
ing, polaron is broken up rapidly because of lacking the
charges.
Fig. 4 (c) shows the dI/dV spectrum with Tph =
35Tres = 0.35Ω under asymmetric bias. Different from
symmetric bias with bath-temperature raised, generally
speaking, asymmetric bias with bath-temperature ris-
ing strengthens the signals of inelastic pair-transition.
For symmetric coupling, corresponding to the phonon-
absorption peak locating at ω = −0.25Ω and the phonon-
emission peak locating at ω = 0.05Ω, dI/dV spectrum
also presents the phonon-absorption signal locating at
∆L = −0.25Ω and the phonon-emission signal locating
at ∆L = 0.05Ω, and the phonon-absorption signal is the
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FIG. 4: The differential-conductance spectrum dI/dV (in
unit of 2e
2ΓLΓR
~Ω(ΓL+ΓR)
), and electron-number N as function of
∆L (in unit of Ω) under asymmetric bias for the phonon-
coupled Anderson impurity QD system, with εs = 0.9Ω,
U = −2Ω: (a) dI/dV for Tph = Tres = 0.01Ω, (b) N-V for
Tph = Tres = 0.01Ω, (c) dI/dV for Tph = 35Tres = 0.35Ω,
(d) N-V for Tph = 35Tres = 0.35Ω. Other parameters
are the same as those adopted in Fig. 2. The black solid
line describes dI/dV of symmetric system-electrode coupling
(ΓL = ΓR = 0.2Ω) and the red solid line describes that of
asymmetric one (ΓL = 4ΓR = 0.2Ω).
sharpest among all the signals. While for asymmetric
coupling, the signal of the phonon-emission locating at
∆L = 0 is sharper. With the positive bias increasing, the
asymmetric coupling also makes the subsequent negative
differential conductance when 0.8Ω < ∆L < 1Ω, which
corresponds to the slower increasing of electron number
after inelastic pair-transition than that with the symmet-
ric coupling. The outstanding point is that inelastic pair-
transition signals enhanced exceed inelastic cotunneling
signals with bath-temperature raised, or in other words,
phonon-absorption/emission-sequential tunneling drives
the inelastic pair-transition processes. The N -V curves
presented in Fig. 4 (d) show that bath-temperature ris-
ing suppresses electron-number of QD and smoothes the
curves, but obviously, asymmetric coupling induces the
electron-number varies more rapidly than the symmetric
one.
In summary, under asymmetric bias, the strong cou-
pling induces the sharper dI/dV spectrum than that with
the weak coupling because the cotunneling dominates the
transport process under asymmetric bias.
IV. INELASTIC DYNAMICS AND
LINEAR-RESPONSE SPECTRUM
Besides the information of steady transport, we also
concern the process of building steady state of an open
QD with strong e-ph coupling considered, which demands
the simulations of dynamics driven by time-dependent
voltage. In conjunction with simulations of dynamics,
linear-response spectrum can fully reveal the dynamical
transition’s signals of electrons under very small bias and
it reflects the inner-attributes of e-ph open system. Us-
ing HEOM, transient transport and steady one can be
dealt with at the same level beyond the some simple
forms’ bias such as a step function voltage41 and the zero-
frequency component of linear-response spectrum recov-
ers the steady differential conductance.
A. The inelastic dynamics driven by
time-dependent voltage
Without loss the generality, considering asymmetric
levels: εs = 0.9Ω and εs + U = −1.1Ω are coupled
asymmetrically to the left and the right electrodes: ΓL =
4ΓR = 0.2Ω. A ramp-up voltage V (t) = VL(t) − VR(t)
is applied to the left and the right leads at t = 0, which
excites the QD out of equilibrium. The α-lead energy
levels are shifted due to the voltage: ∆α(t) = −eVα(t),
with e being the elementary charge. Under a ramp-up
voltage, ∆α(t) varies linearly with time until t = τ , and
afterwards is kept at a constant amplitude ∆:
∆L(R)(t) =
{
±4t/τ, 0 ≤ t ≤ τ,
±4, τ < t ≤ 34.17,
(22)
where, energy-scale is in unit of Ω and time-scale is in
unit of ~(ΓL+ΓR) .
By tuning the duration parameter τ , ramp-up volt-
age’s behavior changes from adiabatic limit to instan-
taneous switch-on. Here, we explore the intermediate
range with a finite τ . Fig. 5 (a) and (b) show I-t curves
under symmetric ramp-up ∆L(t) = −∆R(t) > 0 and
∆L(t) = −∆R(t) < 0 with Tres = Tph = 0.01Ω. Different
duration-time τ1 = 30.34 (solid line), τ2 = 15.17 (dash
line), τ3 = 10.12 (dot line) and τ4 = 7.59 (dash dot line)
are considered. The clear steps appear with time evolu-
tion corresponding to main peak resonance, one-phonon-
emission and double-phonon-emission respectively. With
duration-time deceasing, the steps will be smoothed and
some new satellite peaks will appear, which results from
the time-varying phase factor of the non-equilibrium lead
correlation function. With τ → ∞, the steps will be
very distinct because adiabatic limit corresponds to the
steady state. The insets in (a) and (b) magnify the cur-
rent in very initial time-interval, which show that the
current rises tight followed by a step and hint the ini-
tial charge-Kondo resonance. We also observe that when
∆L(t) = −∆R(t) < 0, −IL(t) ≫ IR(t) during a long
time-interval which induces that the electron number of
QD decreases very rapidly. Fig. 5 (c) and (d) show I-t
curves under symmetric ramp-up ∆L(t) = −∆R(t) > 0
and ∆L(t) = −∆R(t) < 0 with τ = 30.34. Different bath-
temperature Tph = 0.01Ω (solid line), Tph = 0.25Ω (dash
line), Tph = 0.5Ω (dot line) and Tph = 0.75Ω (dash dot
line) are considered. The appearing of the first step in
I − t curve before the main peak resonance is postponed
because local heating induces the broadened one-phonon-
emission/absorption peak near Fermi level. It is obvious
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FIG. 5: The inelastic dynamical evolution IL > 0 and IR < 0
(in unit of 2eΓLΓR
~(ΓL+ΓR)
) as function of t (in unit of ~
(ΓL+ΓR)
)
driven by ramp-up time-dependent voltage for the phonon-
coupled Anderson impurity QD system, with εs = 0.9Ω,
U = −2Ω and ΓL = 4ΓR = 0.2Ω: (a) under symmetric ramp-
up ∆L(t) = −∆R(t) > 0 and (b) under ∆L(t) = −∆R(t) < 0
with Tph = 0.01Ω and different duration-time τ1 = 30.34
(solid line), τ2 = 15.17 (dash line), τ3 = 10.12 (dot line)
and τ4 = 7.59 (dash dot line) respectively; (c) under sym-
metric ramp-up ∆L(t) = −∆R(t) > 0 and (d) under ∆L(t) =
−∆R(t) < 0 with duration-time τ1 = 30.34 and different bath-
temperature Tph = 0.01Ω (solid line), Tph = 0.25Ω (dash
line), Tph = 0.5Ω (dot line) and Tph = 0.75Ω (dash dot line).
The insets in (a) and (b) magnify the current in very initial
time-interval, the inset in (c) presents ∆L (in unit of Ω) as
function of t and the three vertical dash lines in (c) and (d)
mark the moments when ∆L = 1, ∆L = 2 and ∆L = 3 re-
spectively. Other parameters are the same as those adopted
in Fig. 2.
that the current increases at the same moment with Tph
raised initially and decreases at the same moment finally.
It is believed that under large bias limitation, the steady
current decreases with bath-temperature raised.
B. The current/charge-bias and charge-gate
linear-response spectrum
If the time impulse ∆(t) is applied symmetrically
at the double leads, the frequency-dispersed dynami-
cal admittance of linear response Gα(ω) =
δIα(ω)
δV (ω) =
0.5[χαL(ω) − χαR(ω)], where δIα(ω) and δV (ω) are the
Fourier transformation of δIα(t) = Iα(t) − Iα(0) and
δV (t) = (∆(t)−∆(0))/e respectively, χαα′ (ω) is the lin-
ear response spectrum of the α-electrode under the asym-
metric zero-bias limit applied to the α′-electrode. For the
symmetric system-electrode coupling, χLL(ω) = χRR(ω)
and χLR(ω) = χRL(ω). For the asymmetric system-
electrode coupling, χLL(ω) 6= χRR(ω), but χLR(ω) still
equals to χRL(ω).
Considering the system same as that discussed in sub-
section A coupled with double electrodes under very
small time-dependent voltage, then current-bias linear-
response spectrum presents in Fig. 6 (a)-(l), in which,
Fig. 6 (a), (c), (e), (g), (i) and (k) are linear-response
function χLL(ω), χLR(ω), χRR(ω), χRL(ω), GL(ω) and
GR(ω) respectively for the case of HEOM 1st-tier trun-
cation, Fig. 6 (b), (d), (f), (h), (j) and (l) are the cor-
responding results of HEOM 2nd-tier truncation. Black
(Red) solid line describes the real part of linear-response
function for ΓL = ΓR = 0.2Ω (ΓL = 4ΓR = 0.2Ω) and
black (red) dash line describes the corresponding imag-
inary part. HEOM 1st-tier truncation does not con-
sider energy-broadening resulting from system-electrode
coupling, so in low temperature, the signals in linear-
response spectrum are very sharp. The transition from
vacant-occupancy direct-product state |0,m0〉 to elec-
tron single-occupancy direct-product state | ↑ (↓),m0〉,
| ↑ (↓),m0 + 1〉 and | ↑ (↓),m0 + 2〉 results in the exci-
tation energy δω1 = 0.9Ω, δω2 = δω1 + 1Ω = 1.9Ω and
δω3 = δω2 + 1Ω = 2.9Ω respectively, then the transi-
tion from electron single-occupancy direct-product state
| ↑ (↓),ms〉 to electron double-occupancy direct-product
state | ↑↓,ms〉, | ↑↓,ms + 1〉 and | ↑↓,ms + 2〉 results
in the excitation energy |δω1′ | = |δω1 + U | = 1.1Ω,
δω2′ = |δω1′ | + 1Ω = 2.1Ω and δω3′ = δω2′ + 1Ω =
3.1Ω respectively. For symmetric coupling, χLL(ω) =
χRR(ω) and χLR(ω) = χRL(ω), which results in GL(ω) =
−GR(ω). For asymmetric coupling, Re(Im)χLL(ω) >
Re(Im)χRR(ω) and χLR(ω) = χRL(ω), which results
in Re(Im)GL(ω) > −Re(Im)GR(ω). Energy-broadening
resulting from system-electrode coupling is considered
enough in HEOM 2nd-tier truncation, which induces
the broadening of signals in linear-response function so
that the signals of single-occupancy and that of double-
occupancy are almost merged. Compared to HEOM 1st-
tier truncation, additional pair-transition signal locat-
ing at ω = 0.2Ω presents in the linear-response spec-
trum of HEOM 2nd-tier truncation, which can account
for the excitation energy |δω| = 0.2Ω from electron
vacant-occupancy direct-product state |0,m0〉 to electron
double-occupancy direct-product state | ↑↓,m0〉.
In linear-response region, a classical circuit consisting
of a resistor (RC)-capacitor (C) branch and a resistor
(RL)-inductor (L) branch connected in parallel
42 is used
to account for the dynamical admittance G(ω) of quan-
tum elastic transport, where, RC, RL, L and C are all
determined by the intrinsic system properties described
by some basis physical constants. Especially in the low
frequency domain, G(ω) = 1
RL
+ ω2(RCC
2 − L
2
R3
L
), which
explains that the low frequency behavior of G(ω) is di-
rectly determined by the contest between capacity and
inductor. However with strong e-ph coupling considered,
the behavior of admittance can not be explained by the
simple classical circuit mentioned above because of effec-
tive e-e interaction.
Besides current-bias linear-response spectrum, charge-
bias and charge-gate linear-response spectrum can also
characterize the information of system’s excitation and
using them, so-called electrochemical capacitance Cα =
ReχQα(ω = 0) and Cg = −ReχQQ(ω = 0) are defined to
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FIG. 6: The current-bias linear-response spectrum (in unit of 2e
2
~
), as function of ω (in unit of Ω), for the phonon-coupled
Anderson impurity QD system, with εs = 0.9Ω, U = −2Ω: (a) χLL(ω), (c) χLR(ω), (e) χRR(ω), (g) χRL(ω), (i) GL(ω) and
(k) GR(ω) for HEOM 1st-tier truncation; (b), (d), (f), (h), (j) and (l) for HEOM 2nd-tier truncation. The black (red) solid
line means the real part of linear-response function for symmetric (asymmetric) system-electrode coupling: ΓL = ΓR = 0.2Ω
(ΓL = 4ΓR = 0.2Ω), while the black (red) dash line means the imaginary part of linear-response function for symmetric
(asymmetric) system-electrode coupling. Other parameters are the same as that adopted in Fig. 2.
characterize the static charging of impurity due to the
bias of lead-α and gate voltage respectively.
For the same system investigated in Fig. 6, charge-
bias and charge-gate linear-response spectrum present in
Fig. 7 (a)-(f), in which, Fig. 7 (a), (c) and (e) are linear-
response function χQL(ω), χQR(ω), and χQQ(ω) respec-
tively for the case of HEOM 1st-tier truncation, Fig. 7
(b), (d) and (f) are the corresponding results of HEOM
2nd-tier truncation. Both for HEOM 1st-tier truncation
and for HEOM 2nd-tier truncation, CL (CR) for symmet-
ric coupling is smaller (larger) than that for asymmetric
one because ΓR for symmetric coupling is larger than
that for asymmetric one and Cg for symmetric coupling
is larger than that for asymmetric one because of the
same reason. But obviously, 1st-tier truncation under-
estimates the values of Cα and Cg and the curves have
the reverse tendency near ω = 0 to that of 2nd-tier trun-
cation. The signals of inelastic excitation are also pre-
sented in HEOM 1st-tier and 2nd-tier truncation. Com-
pared to HEOM 1st-tier truncation, the charge-bias and
charge-gate linear-response of HEOM 2nd-tier truncation
present the wider broadening and the signals of elastic
pair-transition excitation locating at ω = 0.2Ω appear.
Generally, for linear-response spectrum of arbitrary
type, we have the symmetries: Reχ(ω) = Reχ(−ω) and
Imχ(ω) = −Imχ(−ω).
11
0
2
4
6
8
0
2
4
6
8
0 1 2 3 4
-12
-8
-4
0
0 1 2 3 4
 L/ R=1: Re QL
 L/ R=1: Im QL
 L/ R=4: Re QL
 L/ R=4: Im QL
 
 
X102
 
 
(a)
 
 
0
2
4
6
8
10
X102
 
 
(b)
 L/ R=1: Re QR
 L/ R=1: Im QR
 L/ R=4: Re QR
 L/ R=4: Im QR 
 
(c)X102
 
 
X102
(d)
 
 
0
2
4
6
8
10
 
 
 L/ R=1: Re QQ
 L/ R=1: Im QQ
 L/ R=4: Re QQ
 L/ R=4: Im QQ
 
 
(e)X102
 
 
Q
Q
Q
R
 
 
Q
L
-12
-8
-4
0
4
 
 
(f)
X102
FIG. 7: The charge-bias and charge-gate linear-response spec-
trum (in unit of e
2
Ω
), as function of ω (in unit of Ω), for
the phonon-coupled Anderson impurity QD system, with
εs = 0.9Ω, U = −2Ω: (a) χQL(ω), (c) χQR(ω) and (e) χQQ(ω)
for HEOM 1st-tier truncation; (b), (d) and (f) for HEOM
2nd-tier truncation. The black (red) solid line means the real
part of linear-response function for symmetric (asymmetric)
system-electrode coupling: ΓL = ΓR = 0.2Ω (ΓL = 4ΓR =
0.2Ω), while the black (red) dash line means the imaginary
part of linear-response function for symmetric (asymmetric)
system-electrode coupling. Other parameters are the same as
those adopted in Fig. 2.
V. CONCLUDING REMARKS
We have combined the HEOM formalism with the
small polaron transformation to study quantum trans-
port through impurity QD systems with strong e-ph cou-
pling in charge-Kondo regime. The Einstein lattice model
is adopted to describe phonon bath. HEOM combined
with small polaron transformation is a nonpertubative
tool to study the steady and time-dependent transport,
with a broad range of couplings beyond the Einstein lat-
tice model.
Besides the self-energy correction, a strong e-ph cou-
pling will result in the effective e-e attraction. The phys-
ical process of negative-U transport model can be re-
vealed by mapping it to positive-U model by particle-
hole/left-right transformation. In this transformation,
when a symmetric bias is applied,, it can be under-
stood by a positive-U charge-battery model, however,
when an asymmetric bias is applied, it can be un-
derstood by so called spin-cell model. All the sig-
nals presented in DOS can be classified into sequential
tunneling, pair-transition and inelastic cotunneling pro-
cesses. Under the symmetric bias, the signals of pair-
transition and inelastic cotunneling present the normal
non-equilibrium Kondo split, while under the asymmetric
bias, the signals of pair-transition present the abnormal
split. Differential conductance spectrum under the asym-
metric bias presents the corresponding signals, which
can be modulated by the system-electrode coupling and
bath-temperature. Enhancement of bath-temperature
strengthens the phonon-absorption (emission)–assisted
sequential tunneling and the inelastic pair-transition pro-
cess. As a supplement to steady transport, inelas-
tic dynamics driven by ramp-up time-dependent volt-
age presents clear steps tailored by the duration-time
and bath-temperature and linear-response spectrums in-
cluding current-bias spectrum, charge-bias spectrum and
charge-gate one reveal the signals of electrons’ dynamical
transition.
Noticing that in the traditional superconductor, e-ph
interaction also makes Cooper-pair (two electrons with
reverse momentum and spin), which is similar to the
double occupation of QD caused by strong e-ph cou-
pling, so the idea of considering the steady and transient
transport of superconductor–normal(superconducting)-
QD–normal-metal (superconductor) hybrid system is
straightforward. It is expected that the strong e-ph
coupling may play a vital role in Andreev-reflection or
Josephson effect, which is a quite interesting topic. The
corresponding work is in process.
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Appendix A: Transformation from the negative-U
model to an equivalent positive-U one
1. Particle-hole/left-right transformation
Let us carry out particle-hole/left-right transformation
for the inelastic quantum transport model based on small
polaron transformation as follows:
βˆL(R),k,↓ = cˆ
†
R(L),−k,↓,
βˆa↓ = −aˆ
†
↓. (A1)
We can conclude from the transformation above that
f(ǫ˜L(R)k↓) = f(ǫR(L)k↓) and the spin-down single-
occupation state in central region |↓˜〉 is equivalent to the
vacant-occupation state in Fock space |0〉 with the nota-
tion .˜ denoting the hole.
Noting that β operator satisfies anti-communication
relations of Fermion, then, the total hamiltonian can be
rewritten as follows:
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HT = Hres +He +He−res +Hph,
Hres =
∑
α,k
(ǫα,k,↑ − eVα)nˆα,k,↑ +
∑
k
(ǫL,k,↓ − eVL)(1 − ˆ˜nR,−k,↓) + (ǫR,k,↓ − eVR)(1− ˆ˜nL,−k,↓),
He = (ε↑ + U)nˆ↑ + ε↓(1− ˆ˜n↓)− Unˆ↑ ˆ˜na↓ ,
He−res =
∑
α,k
(tα,k,↑cˆ
†
α,k,↑aˆ↑e
iϕˆ +H.c.) + (tL,k,↓βˆ
†
a↓
βˆR,−k,↓e
iϕˆ + H.c.) + (tR,k,↓βˆ
†
a↓
βˆL,−k,↓e
iϕˆ +H.c.),
Hph =
∑
q
ωqdˆ
†
q dˆq, (A2)
where, ˆ˜nα,k,↓ = βˆ
†
α,k,↓βˆα,k,↓ and
ˆ˜na↓ = βˆ
†
a↓
βˆa↓ .
Noting the appointment and abandoning the irrelevant additive constant, H˜T = HT+c can be expressed as follows:
H˜T = H˜res + H˜e + H˜e−res + H˜ph,
H˜res =
∑
k
(ǫL,k,↑ − eaV )ˆ˜nL,k,↑ +
∑
k
(ǫL,k,↓ + e(a− 1)V )ˆ˜nL,k,↓ +
∑
k
(ǫR,k,↑ − e(a− 1)V )ˆ˜nR,k,↑ +
∑
k
(ǫR,k,↓ + eaV )ˆ˜nR,k,↓,
H˜e = (ε↑ + U)ˆ˜na↑ + (−ε↓)ˆ˜na↓ − U ˆ˜na↑ ˆ˜na↓ ,
H˜e−s =
∑
α,k,σ
t˜α,k,σ ˆ˜c
†
α,k,σ
ˆ˜aσe
iσϕˆ +H.c.,
H˜ph =
∑
q
ωq dˆ
†
q dˆq, (A3)
where, ˆ˜nα,k,↑ = nˆL,k,↑, ˆ˜nL(R),k,↓ = 1− nˆR(L),−k,↓, ˆ˜na↑ =
nˆ↑, ˆ˜na↓ = 1 − nˆ↓, ˆ˜cα,k,↑ = cˆα,k,↑, ˆ˜cL(R),k,↓ = cˆ
†
R(L),−k,↓,
ˆ˜a↑ = aˆ↑, ˆ˜a↓ = −aˆ
†
↓, t˜α,k,↑ = tα,k,↑ and t˜L(R),k,↓ =
tR(L),k,↓, σ in exponent denotes +1 for spin up or −1
for spin down.
After particle-hole/left-right transformation is imple-
mented, the current relation between positive-U model
and negative-U model is as follows:
I˜α↑ = −〈
d
dt
∑
k
ˆ˜nα,k,↑〉 = −〈
d
dt
∑
k
nˆα,k,↑〉 = Iα↑,
I˜L(R)↓ = −〈
d
dt
∑
k
ˆ˜nL(R),k,↓〉 = 〈
d
dt
∑
k
nˆR(L),k,↓〉 = −IR(L)↓.
(A4)
The particle number relation between positive-U
model and negative-U model is as follows:
N˜↑ = 〈ˆ˜na↑〉 = 〈nˆ↑〉 = N↑,
N˜↓ = 〈ˆ˜na↓〉 = 1− 〈nˆ↓〉 = 1−N↓. (A5)
The population relation between positive-U model and
negative-U model is as follows:
P˜0 = P↓,
P˜↑ = Pd,
P˜↓ = P0,
P˜d = P↑, (A6)
where, P˜0(P0), P˜↑(P↑), P˜↓(P↓), P˜d(Pd) are vacant-
occupancy, spin-up single-occupancy, spin-down single-
occupancy, double-occupancy after transformation (be-
fore transformation) respectively.
The density of states after transformation can be ex-
pressed as follows:
A˜↑(ω) =
1
π
Re[
∫ ∞
0
dt〈{ˆ˜a↑(t), ˆ˜a
†
↑}〉e
iωt] = A↑(ω),
A˜↓(ω) =
1
π
Re[
∫ ∞
0
dt〈{ˆ˜a↓(t), ˆ˜a
†
↓}〉e
iωt]
=
1
π
Re[
∫ ∞
0
dt〈{aˆ↓(t), aˆ
†
↓}〉e
−iωt] = A↓(−ω).
(A7)
Since A˜↑(ω) = A↑(ω) and A˜↓(ω) = A↓(−ω), in equilib-
rium, the charge-Kondo peak locating at ω = ε↑+ε↓+U
is robust under magnetic field, while spin-Kondo peak
locating at ω = 0 will generate Zeeman split.
2. Symmetric bias versus asymmetric bias
When symmetric bias is applied, a = 1/2, then the
total hamiltonian can be expressed as an ordinary form:
H˜T = H˜res + H˜e + H˜e−res + H˜ph,
H˜res =
∑
kσ
(ǫL,k,σ −
1
2
eV )ˆ˜nL,k,σ +
∑
kσ
(ǫR,k,σ +
1
2
eV )ˆ˜nR,k,σ,
H˜e = (ε↑ + U)ˆ˜na↑ + (−ε↓)ˆ˜na↓ + (−U)ˆ˜na↑ ˆ˜na↓ ,
H˜e−s =
∑
α,k,σ
t˜α,k,σ ˆ˜c
†
α,k,σ
ˆ˜aσe
iσϕˆ +H.c.,
H˜ph =
∑
q
ωqdˆ
†
q dˆq. (A8)
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For the positive-U model transformed from negative-U
model, the spectrum density can be expressed as follows:
J˜L(R)↑(ω) =
∑
k
|t˜L(R),k,↑|
2δ(ω ±
1
2
eV − ǫL(R),k,↑)
=
∑
k
|tL(R),k,↑|
2δ(ω ±
1
2
eV − ǫL(R),k,↑),
J˜L(R)↓(ω) =
∑
k
|t˜L(R),k,↓|
2δ(ω ±
1
2
eV − ǫL(R),k,↓)
=
∑
k
|tR(L),k,↓|
2δ(ω ±
1
2
eV − ǫL(R),k,↓).
(A9)
Specially, when symmetric system-bath coupling is
considered, i.e. tL,k,σ = tR,k,σ = tk,σ, and symmetric
level εσ = −U/2 is considered, the negative-U model
based on small polaron transformation is converted to
positive-U model as follows:
H˜T = H˜res + H˜e + H˜e−res + H˜ph,
H˜res =
∑
kσ
(ǫL,k,σ −
1
2
eV )ˆ˜nL,k,σ +
∑
kσ
(ǫR,k,σ +
1
2
eV )ˆ˜nR,k,σ ,
H˜e =
U
2
∑
σ
ˆ˜naσ + (−U)ˆ˜na↑ ˆ˜na↓ ,
H˜e−res =
∑
α,k,σ
tk,σ ˆ˜c
†
α,k,σ
ˆ˜aσe
iσϕˆ +H.c.,
H˜ph =
∑
q
ωqdˆ
†
q dˆq. (A10)
Compared with the traditional positive-U model based
on small polaron transformation, the only difference is
that eiϕˆ converts to eiσϕˆ, which equivalents to imple-
menting the unitary transformation Xˆ = e−i
∑
σ
σnˆσ ϕˆ
to the e-ph coupling system with He−ph =
∑
q gq(dˆ
†
q +
dˆq)
∑
σ σnˆσ. The difference between e
iϕˆ and eiσϕˆ has no
impaction to the final physical quantities because phonon
correlation function Cσph(t) =
∑+∞
m=−∞Ame
−imΩt is irrel-
evant to σ, the same HEOM can be constructed.27
When asymmetric bias is applied, a = 1, then the total
hamiltonian can be expressed as follows:
H˜T = H˜res + H˜e + H˜e−res + H˜ph,
H˜res =
∑
k
(ǫL,k,↑ − eV )ˆ˜nL,k,↑ +
∑
k
(ǫ˜L,k,↓ − eV )ˆ˜nL,k,↓
+
∑
k
ǫR,k,↑ ˆ˜nR,k,↑ +
∑
k
ǫ˜R,k,↓ ˆ˜nR,k,↓,
H˜e = (ε↑ + U)ˆ˜na↑ + (−ε↓)ˆ˜na↓ − U ˆ˜na↑ ˆ˜na↓ ,
H˜e−res =
∑
α,k,σ
t˜α,k,σ ˆ˜c
†
α,k,σ
ˆ˜aσe
iσϕˆ +H.c.,
H˜ph =
∑
q
ωqdˆ
†
q dˆq. (A11)
where, ǫ˜L(R),k,↓ = ǫL(R),k,↓ + eV .
The corresponding spectrum density can be expressed
as follows:
J˜L↑(ω) =
∑
k
|t˜L,k,↑|
2δ(ω + eV − ǫL,k,↑)
=
∑
k
|tL,k,↑|
2δ(ω + eV − ǫL,k,↑),
J˜L↓(ω) =
∑
k
|t˜L,k,↓|
2δ(ω − ǫL,k,↓) =
∑
k
|tR,k,↓|
2δ(ω − ǫL,k,↓),
J˜R↑(ω) =
∑
k
|t˜R,k,↑|
2δ(ω − ǫR,k,↑) =
∑
k
|tR,k,↑|
2δ(ω − ǫR,k,↑)
J˜R↓(ω) =
∑
k
|t˜R,k,↓|
2δ(ω − eV − ǫR,k,↓),
=
∑
k
|tL,k,↓|
2δ(ω − eV − ǫR,k,↓). (A12)
So, the problem can be transformed into the model of
spin battery in which, a positive-U quantum dot coupled
to electrodes which has different Fermi level with differ-
ent spin, if Lorentz spectrum is adopted, the spectrum
density expressions are as follows:
J˜L↑(ω) =
1
2π
ΓW 2
(ω − E↑f + eV )
2 +W 2
,
J˜L↓(ω) =
1
2π
ΓW 2
(ω − E↓f + eV )
2 +W 2
,
J˜R↑(ω) =
1
2π
ΓW 2
(ω − E↑f )
2 +W 2
,
J˜R↓(ω) =
1
2π
ΓW 2
(ω − E↓f )
2 +W 2
, (A13)
where, E↑f = 0 and E
↓
f = eV are the Fermi level of spin
up and spin down respectively, Γ is the coupling between
system and the electrode, W is the bandwidth of the
electrode.
∗ Electronic address: fjiang@shiep.edu.cn † Electronic address: yyan@ust.hk
14
1 D. Goldhaber-Gordon et al., Nature (London) 391, 156
(1998).
2 S. M. Cronenwett, T. H. Oosterkamp, and L. P. Kouwen-
hoven, Science 281, 540 (1998).
3 H. Schoeller and G. Scho¨n, Phys. Rev. B 50, 18436 (1994).
4 H. Schoeller and G. Scho¨n, Physica B 203, 423 (1994).
5 J. Ko¨nig, H. Schoeller, and G. Scho¨n, Europhys. Lett. 31,
31 (1995).
6 J. Ko¨nig, H. Schoeller, and G. Scho¨n, Phys. Rev. Lett. 76,
1715 (1996).
7 Z. Z. Chen, R. Lu¨, and B. F. Zhu, Phys. Rev. B 71, 165324
(2005).
8 R. Q. Wang, Y. Q. Zhou, B. G. Wang, and D. Y. Xing,
Phys. Rev. B 75, 045318 (2007).
9 J. Kondo, Phys. Stat. Sol. 23, 183 (1970).
10 Y. Meir and N. S. Wingreen, Phys. Rev. Lett. 68, 2512
(1992).
11 Y. Meir, N. S. Wingreen, and P. A. Lee, Phys. Rev. Lett.
70, 2601 (1993).
12 F. D. M. Haldane, Phys. Rev. Lett. 40, 416 (1978).
13 M. Pustilnik and L. I. Glazman, Phys. Rev. B 64, 45328
(2001).
14 D. Kuo and Y. C. Chang, Phys. Rev. B 66, 085311 (2002).
15 A. S. Alexandrov, A. M. Bratkovsky, and R. S. Williams,
Phys. Rev. B 67, 075301 (2003).
16 A. S. Alexandrov and A. M. Bratkovsky, Phys. Rev. B 67,
235312 (2003).
17 P. S. Cornaglia, H. Ness, and D. R. Grempel, Phys. Rev.
Lett. 93, 147201 (2004).
18 L. Arrachea and M. J. Rozenberg, Phys. Rev. B 72, 041301
(2005).
19 J. Koch, M. E. Raikh, and F. V. Oppen, Phys. Rev. Lett.
96, 056803 (2006).
20 J. Koch, E. Sela, Y. Oreg, and F. V. Oppen, Phys. Rev.
B 75, 195402 (2007).
21 S. Andergassen, T. A. Costi, and V. Zlatic´, Phys. Rev. B
84, 241107 (2011).
22 J. S. Jin, X. Zheng, and Y. J. Yan, J. Chem. Phys. 128,
234703 (2008).
23 X. Zheng, J. S. Jin, and Y. J. Yan, J. Chem. Phys. 129,
184112 (2008).
24 X. Zheng, J. S. Jin, and Y. J. Yan, New J. Phys. 10,
093016 (2008).
25 X. Zheng, J. Y. Luo, J. S. Jin, and Y. J. Yan, J. Chem.
Phys. 130, 124508 (2009).
26 X. Zheng, J. S. Jin, S. Welack, M. Luo, and Y. J. Yan, J.
Chem. Phys. 130, 164708 (2009).
27 F. Jiang, J. S. Jin, S. K. Wang, and Y. J. Yan, Phys. Rev.
B 85, 245427 (2012).
28 Y. Tanimura and R. Kubo, J. Phys. Soc. Jpn. 58, 101
(1989).
29 Y. Tanimura, Phys. Rev. A 41, 6676 (1990).
30 Y. Tanimura, J. Phys. Soc. Jpn. 75, 082001 (2006).
31 R. X. Xu, P. Cui, X. Q. Li, Y. Mo, and Y. J. Yan, J.
Chem. Phys. 122, 041103 (2005).
32 R. X. Xu and Y. J. Yan, Phys. Rev. E 75, 031107 (2007).
33 J. S. Jin et al., J. Chem. Phys. 126, 134113 (2007).
34 K. B. Zhu, R. X. Xu, H. Y. Zhang, J. Hu, and Y. J. Yan,
J. Phys. Chem. B 115, 5678 (2011).
35 J. Xu, R. X. Xu, D. Abramavicius, H. D. Zhang, and Y. J.
Yan, Chin. J. Chem. Phys. 24, 497 (2011).
36 J. J. Ding, J. Xu, J. Hu, R. X. Xu, and Y. J. Yan, J.
Chem. Phys. 135, 164107 (2011).
37 U. Lundin and R. H. McKenzie, Phys. Rev. B 66, 075303
(2002).
38 J. X. Zhu and A. V. Balatsky, Phys. Rev. B 67, 165326
(2003).
39 S. K. Wang, X. Zheng, J. J. Shuang, and Y. J. Yan, eprint
, arXiv:1301.6850 (2013).
40 M. Galperin, A. Nitzan, and M. A. Ratner, Phys. Rev. B
73, 045314 (2006).
41 S. Weiss, J. Eckel, M. Thorwart, and R. Egger, Phys. Rev.
B 77 (2008).
42 Y. Mo, X. Zheng, G. H. Chen, and Y. J. Yan, J. Phys.:
Condens. Matter 21, 355301 (2009).
